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We investigate the quantum correlation dynamics in a dark-soliton qubits with special attention
to quantum discord. Recently, dark-soliton qubit exhibiting appreciably long lifetime are proved to
be an excellent candidate for information processing. Depending on the precise distance between
the dark-soliton qubits, the decay rate of Dicke symmetric and antisymmetric state is suppressed
or enhanced. With the Renyi-2 entropy, we derive a simple analytical expression for the quantum
discord, and explore the generation and decay of correlation for different initial states. We believe
the present work could pave the stage for a new generation of quantum discord based purely on
matter-wave phononics.
PACS numbers: 67.85.Hj 42.50.Lc 42.50.-p 42.50.Md, 03.65.Ud
I. INTRODUCTION
Entanglement is a fundamental resource in quantum
information (QI) and computation [1, 2] that distin-
guishes the classical world from quantum one. One of
the major challenges for the physical realization of QI
protocols is the decoherence, resulting loss of informa-
tion from the system to the environment. Due to the
collective properties, the spontaneous emission of multi-
atomic system can be altered in comparison to single
atom case. Two different spontaneous decay rates (su-
perradiant and subradiant) due to inter-atomic dipole in-
teraction has been recognized by Dicke [3], whereas Tavis
et al. [4] studied the single-mode field interaction inside a
cavity, as a partuclar case of Dicke Model. The dynam-
ics of entanglement for a system of two qubits or two-
level atoms with collective Dicke states, has been widely
studied in recent years [5–8]. However, it is just a spe-
cial kind and not the only kind of quantum correlation.
Quantum discord (QD) is considered to be a more gen-
eral resource of quantum information that captures the
quantum or nonclassical correlations, even beyond entan-
glement, which may exists for mixed separable quantum
states. A nonzero QD in some separable states has been
considered as a useful resource in quantum state discrim-
ination [9], quantum locking [10] and is also responsible
for the quantum computational efficiency of deterministic
quantum computation with one pure qubit [11]. QD has
been investigated in a wider context [12–16], including
quantum phase transitions in many-body physics [17, 18].
Several other measurements have been introduced in or-
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der to reveal the degree of correlation in quantum sys-
tems, such as local quantum uncertainty [19–21], one-way
quantum deficit [22, 23], local quantum Fisher informa-
tion [24], quantum dissonance [25], measurement-induced
nonlocality [26].
The investigation of Bose-Einstein condensates (BEC)
coupled to an optical cavity realizes the Dicke quantum
phase transition in an open quantum system [27]. The
creation of quantum discord by applying a Bell-like de-
tection on optical cavities and the amplification of QD
via cavity-BEC for initially coupled or uncoupled qubits
has been proposed in Ref. [13, 17, 28]. The dynamics of
a single impurity and the collective dephasing of a two
spatial states impurity in BEC has been explored [29, 30].
The study of macroscopic nature of BEC with potential
applications in quantum information is the dark- soli-
ton (DS), resulting from the precise balance between the
nonlinear and dispersive effects in the system [31, 32].
Recently, we introduced a dark soliton qubit in a quasi
one dimensional (1D) BEC, being excellent candidates to
store information given their appreciably long lifetimes
(∼ 0.01 − 1s) [33]. The dark-soliton qutrit with unique
properties of transmission and dispersion revealing the
possibility of slowing down the speed of acoustic pulse
has discussed in Ref. [34]. We explore the creation of en-
tanglement between DS qubits by using the superposition
of two maximally entangled states in the dissipative pro-
cess of spontaneous emission [35]. Moreover, the collec-
tive behaviour of the DS qubits reveals the dependence of
entanglement evolution on the interatomic distance [36].
In this paper, the quantum correlation behavior of two
dark-soliton qubits is investigated with special attention
to quantum discord. As described in Ref. [33], the qubit
is produced by trapping the impurities inside the poten-
tial created by dark-soliton, whereas the quantum fluc-
tuations (phonons) play the role of a proper quantum
reservoir. We show the generation and decay of correla-
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2tions by computing the time evolution of quantum dis-
cord and classical correlations. We further demonstrate
the dependence of correlations on the distance between
dark-soliton qubits due to which Dicke symmetric and
antisymmetric state decays to become subradiant and su-
perradiant, respectively.
The paper is organised as follows: In Sec. II, the mean-
field model of two DS qubits, placed in a quasi-1D BEC
is discussed in detail, where we also compute the interac-
tion between phonons and DS qubits. Sec. III describes
the different measures of correlations, such as concur-
rence, quantum discord and classical correlations. Sec.
IV is devoted to the effect of collective or Dicke states on
the time evolution of correlations. Discussion and con-
clusions are then provided in Sec. V.
II. THEORETICAL MODEL.
We consider two DS qubits immersed at distance d in
a quasi-1D BEC, surrounded by a dilute set of impurities
and described by the wave functions Ψ(x, t) and Φ(x, t),
respectively [35]. The impurities are considered to not
interact, regarded as free particles and feel the soliton
as potential [33]. At the mean-field level, the system
is governed by the Gross-Pitaevskii and the Schro¨dinger
equations, respectively
i~
∂Ψ
∂t
= − ~
2
2M
∂2Ψ
∂x2
+ g |Ψ|2 Ψ + χ |Φ|2 Ψ,
i~
∂Φ
∂t
= − ~
2
2m
∂2Φ
∂x2
+ χ |ψsol|2 Φ. (1)
where χ and g denotes the BEC-impurity coupling
and BEC particle-particle interaction strength. M ,m
represents the BEC particle and impurity masses, re-
spectively and the singular nonlinear solution corre-
sponds to the ith (i = 1, 2) soliton profile is ψ
(i)
sol(x) =√
n0 tanh [(x− xi)/ξ] [37, 38], where xi = ±d/2 denotes
the position of the respective soliton, ξ = ~/
√
Mn0g is
the healing length and n0 = 10
8 − 109m−1 is the linear
density in elongated 87Rb BECs. Here, the discussion
is restricted to repulsive interactions (g > 0), where the
dark solitons are assumed to be not disturbed by the pres-
ence of impurities. The impurity gas is choosed to be suf-
ficiently dilute, i.e. |Φ|2  |Ψ|2 and much massive than
the BEC particles. Such a situation can be produced, for
example, choosing 134Cs impurities in a 87Rb BEC [39].
The experimentally accesible trap frequencies amount to
be ωz/2pi = (15 − 730) Hz  ωr/2pi = (1 − 5) kHz and
the corresponding length considered to be lz = (0.6−3.9)
µm [40]. More recent experiments make eventual trap in-
homogeneities to be much less critical by creating much
larger traps, lz ∼ 100 µm [41].
For well separated solitons, i.e. d  ξ, the inter-
nal level structure of the two qubits is assumed to be
equal. Each qubit is characterized by its ground state
gi and excited levels ei separated by a gap frequency
ω0 = ~ (2ν − 1) /2mξ2, where
2ν = −1 +
√
gM + 4mχ
gM
(2)
is a parameter controlling the number of bound states
nbound = 1 + ν +
√
ν (ν + 1), which operate as two-level
system (qubit) in the range 0.33 ≤ ν < 0.80 [33].
Quantum Fluctuations: The total condensate quan-
tum field includes the DS field and quantum fluctuations,
Ψ(x) = ψ
(i)
sol(x) + δψi(x) with
δψi(x) =
∑
k
(
u
(i)
k (x)bk + v
∗(i)
k (x)b
†
k
)
(3)
and bk’s denote the bosonic operators verifying the com-
mutation relation [bk, b
†
q] = δk,q. The amplitudes uk(x)
and vk(x) satisfy the normalization condition |uk(x)|2 −
|vk(x)|2 = 1 and are explicitly given in [42]. There-
fore, the total Hamiltonian reads as the sum of qubit
Hamiltonian Hq = ~ω0
(
σ1z + σ
2
z
)
with the spin opera-
tor σz = a
†
1a1 − a†0a0, the phonon (reservoir) Hamil-
tonian Hp =
∑
k
kb
†
kbk with the Bogoliubov spectrum
k = µξ
√
k2(ξ2k2 + 2), chemical potential µ = gn0 and
the interaction Hamiltonian between DS and phonons
given by [36],
H
(1)
int =
∑
k
2∑
i=1
(
g
(i)
l,l′
(k)σ
(i)
+ bk + g
(i)∗
l,l′
(k)σ
(i)
− b
†
k
)
+ h.c.
Here, σ+ = σ
†
− = a
†
1a0 and
g
(i)
l,l′
(k) =
√
n0χ
∫
dxϕ†l (x)ϕl′ (x) tanh
(
x− xi
ξ
)
u
(i)
k ,
with ϕ0(x) = A0sech
α(x/ξ) and ϕ1(x) =
2A1 tanh(x/ξ)ϕ0(x), with Aj(j = 0, 1) being the
normalization constants, given by
A0 =
(√
piΓ[α]
Γ[ 1+2α2 ]
)− 12
,
A1 =
(
22(1+α)A20
(
2F1[α, 2(1 + α), 1 + α,−1]
α
− 2F1[1 + α, 2(1 + α), 2 + α,−1]
1 + α
+
2F1[2 + α, 2(1 + α), 3 + α,−1]
2 + α
))− 12
, (4)
where Γ[α] and 2F1 represents the Gamma and Hyperge-
ometic function, respectively, and α =
√
2g12m2/g11m1
determines the width of the wavefunction. The counter-
rotating terms proportional to bkσ
(i)
− and b
†
kσ
(i)
+ that do
not conserve the total number of excitations are dropped
by invoking the rotating wave approximation (RWA)
which is well justified in Ref. [33].
3III. QUANTIFIERS OF QUANTUM
CORRELATIONS
Entanglement describes the non classical correlation
between quantum systems. The study of entanglement
and in particular how it can be quantified is a central
topic within quantum information theory. Therefore, a
most widely accepted measure for a two qubit system is
the concurrence defined by Wootter’s [43],
C (ρ) = max
0,√ϑ1 −
4∑
j=2
√
ϑj
 , (5)
with ϑi’s are the eigenvalues (in decreasing order) of the
Hermition matrix R = ρρ˜, where the spin flip density
matrix ρ˜ = (σy ⊗ σy) ρ∗ (σy ⊗ σy), with ρ∗ and σy being
the complex conjugate of ρ and the Pauli matrix, respec-
tively. The concurrence is zero for separable states. The
entanglement dynamics for two dark-soliton qubits has
described in Ref.’s [35, 36].
Non-classical correlations can exist even in separable
mixed states for which the Wootters Concurrence is zero.
Thus, to go beyond Wootters formula (5), the quantum
discord was introduced in [15, 16] as the difference betwen
the quantum mutual information and classical correla-
tions. The quantum mutual information is the quantum
analog of the classical mutual information defined by,
I(A,B) = H(A) +H(B)−H(A,B), (6)
where A, B denotes the random variables with given
probability distribution and H = −
∑
n
pnlogpn describes
the Shannon entropy. To generalize this concept to quan-
tum physics, the quantum mutual information for bipar-
tite quantum systems is defined by,
I(ρAB) = S(ρA) + S(ρB)− S(ρAB), (7)
where the von Neumann entropy S(ρA) = −trρAlogρA
replaces the Shannon entropy in the classical variant of
mutual information. Quantum mutual information may
also be written as the sum of quantum (Q (ρAB)) and
classical (C (ρAB)) correlations
Q (ρAB) := I (ρAB)− C (ρAB) , (8)
Here, Q (ρAB) is called quantum discord and the quantity
C (ρAB) is defined as
C (ρAB) = max
piBj
S (ρA)−∑
j
pjS
(
ρjA
) , (9)
where piB
j is a set of local projective measurements
on the subsystem B, pB,j = trAB
[
ρAB
(
I ⊗ piBj
)]
and
ρB,j = trA
[(
I ⊗ piBj
)
ρAB
(
I ⊗ piBj
)]
are the probabil-
ity and the conditional state of system B associated with
outcome j. Quantum discord is an efficient measure of
nonclassical correlations that may include entanglement
but is not always larger than entanglement [44, 45]. This
indicates that discord is not simply a sum of entangle-
ment and some other nonclassical correlation. Even for
the simplest case of two entangled qubits, the relation be-
tween quantum discord, entanglement, and classical cor-
relation is not yet clear. The entropic quantum discord of
any 2-qubit rank states can be calculated exactly. How-
ever, the situation becomes complicated for states with
rank large than two because of the difficulty to minimize
the conditional entropy of subsystem A (or subsystem
B).
Recently, the linear entropy approximation (Renyi-2
entropy) was employed to find the classical correlations
of qudit-qubit states [46]. It has been found that the
quantum discord based on linear entropy has deep con-
nection with the original discord defined by von Neu-
mann entropy in which average deviation is of the order
10−4. Here, we study the classical correlations based on
the linear entropy with which we shall derive the analyt-
ical expression of the quantum discord for any arbitrary
two-qubit states. The linear entropy of a state ρ is given
by
S2 (ρ) = 2
[
1− tr (ρ2)] . (10)
To compute the quantum discord, we first write a bipar-
tite quantum state ρAB as [47]
ρAB = Λρ ⊗ IB (|rB′B〉 〈rB′B |) , (11)
where Λρ is a qudit channel, maps a qubit state B
′ to the
qudit state A and |rB′B〉 represents the symmetric two-
qubit purification of the reduced density operator ρB ,
i.e., rB′ = rB = ρB . In the spectral decomposition,
ρB =
∑
i=0,1
λi |ϕi〉 〈ϕi| (12)
with |ϕ0〉 = (a0, a1)T and |ϕ1〉 = (b0, b1)T , where T
stands for transpose. Generally, a qudit state in Bloch
expression is given by ρ = (Id + ~rγ)/d, where Id denotes
the d × d identity matrix, ~r is a d2 − 1 dimensional real
vector, and γ = (γ1, γ2, ..., γd2−1)
T
is the vector of the
generators of lie algebra SU(d). Using Eq. (10), it’s easy
to show that
S2
(
Id + ~rγ
d
)
=
2d2 − 2d− 4|~r|2
d2
. (13)
Similarly, a qubit state can be written as ρ =
(I2 + ~rBσ)/2, where σ = (σ1, σ2, σ3)
T
denotes the Pauli
operators. The qubit channel Λρ = (Id + (L~rB + l) γ)/d
with the three dimensional l vector and (d2 − 1)× 3 real
matrix with elements Lij = tr [Λ (σj)σi]/2. Therefore, it
is simple to see that the reduced density matrix of the
qudit state ρA is exactly equal to the completely positive
trace-preserving map of the reduced density matrix ρB ,
4i.e., ρA = Λ (ρB). Moreover, Eq. (9) coincides with the
linear Holevo capacity for qubit channel χ2 (ρB ,Λ) (see
Eq.(4) of Ref. [47]). Based on these results, the ana-
lytical expression of the classical correlation of arbitrary
d⊗ 2 quantum states is reduced to
C2 (ρAB) = 4
d
λmax
(
LTL
)
S2 (ρB) , (14)
where λmax
(
LTL
)
stands for the largest eigenvalue of the
matrix LTL. Now, we give the main lines to compute
the elements of the matrix L occurring in (14) for an
arbitrary qubit-qubit system. In the computational basis
{|00〉 , |01〉 , |10〉 , |11〉}, the density matrix of two qubit
states can be written as
ρAB = β00⊗|0〉 〈0|+β01⊗|0〉 〈1|+β10⊗|1〉 〈0|+β11⊗|1〉 〈1| ,
(15)
with
β00 =
(
ρ11 ρ13
ρ31 ρ33
)
, β01 =
(
ρ21 ρ23
ρ41 ρ43
)
,
β10 =
(
ρ12 ρ14
ρ32 ρ34
)
, β11 =
(
ρ22 ρ24
ρ42 ρ44
)
. (16)
According to the symmetric two-qubit purification of the
reduced density operator ρB on an auxiliary qubit system
B′, one can determine |rB′B〉 from Eq. (12),
|rB′B〉 〈rB′B | =

AA¯ AB AB¯ AD
BA¯ BB¯ BB¯ BD¯
BA¯ BB¯ BB¯ BD¯
DA¯ DB¯ DB¯ DD¯
 , (17)
with 
A =
√
λ1a0
2 +
√
λ2b0
2,
B =
√
λ1a0a1 +
√
λ2b0b1,
D =
√
λ1a1
2 +
√
λ2b1
2.
(18)
Therefore, the elements of Eq. (15) can be manipulated
with Eq. (17) as
β00 = AA¯Λ (|0〉 〈0|) +AB¯Λ (|0〉 〈1|)
+ BA¯Λ (|1〉 〈0|) +BB¯Λ (|1〉 〈1|) ,
β01 = BA¯Λ (|0〉 〈0|) +BB¯Λ (|0〉 〈1|)
+ DA¯Λ (|1〉 〈0|) +DB¯Λ (|1〉 〈1|) ,
β10 = AB¯Λ (|0〉 〈0|) +AD¯Λ (|0〉 〈1|)
+ BB¯Λ (|1〉 〈0|) +BD¯Λ (|1〉 〈1|) ,
β11 = BB¯Λ (|0〉 〈0|) +BD¯Λ (|0〉 〈1|)
+ DB¯Λ (|1〉 〈0|) +DD¯Λ (|1〉 〈1|) . (19)
The elements of the matrix L can be determined by solv-
ing Eq. (19) to get Λ (|i〉 〈j|) from which we obtains the
elements Lij = tr [Λ (σj)σi]/2 in terms of the density
matrix elements.
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FIG. 1: (color online) Panel a) shows the collective damp-
ing Γ and qubit-qubit interaction η (inset) as a function of
interatomic distance d. Panel b) depicts the population of
antisymmetric state |a〉 (dashed curve) and symmetric state
|s〉 (dotted-dashed curve) at distance d ' 5ξ/2
IV. MEASUREMENT OF CORRELATIONS
WITH DICKE STATES
We consider here the most adequate so called collec-
tive Dicke states [3] described by |e〉 = |e1, e2〉 , |s〉 =
(|e1, g2〉+ |g1, e2〉) /
√
2, |a〉 = (|e1, g2〉 − |g1, e2〉) /
√
2
and |g〉 = |g1, g2〉, to measure the time evolution of cor-
relations. The density matrix corresponds to these col-
lective states can be written as
ρq(t) =
 ρee ρes ρea ρegρse ρss ρsa ρsgρae ρas ρaa ρag
ρge ρgs ρga ρgg
 , (20)
with ρij = 〈ψi| ρ |ψj〉, where i, j = e, s, a, g. We derive
the master equation [36] to describe the density matrix
elements after taking trace over the phonons degrees of
freedom,
∂ρq(t)
∂t
= − i
~
[Hq, ρq(t)]−
2∑
i 6=j
ηij
[
σi+σ
j
−, ρq(t)
]
+
2∑
ij=1
Γij
[
σj−ρq(t)σ
i
+ −
1
2
{σi+σj−, ρq(t)}
]
,(21)
where
Γij = 2L
∫ ∞
0
dkg
(i)
k g
(j)∗
k δ(ωk − ω0)
ηij =
L
2pi
℘
∫ ∞
0
dkg
(i)
k g
(j)∗
k
1
(ωk − ω0) , (22)
with ℘ standing for the principal value of the integral.
The term Γij(= γ) is the damping of the ith atom by
spontaneous emission for i = j while Γij(= Γ) for i 6= j
depicts the collective damping resulting from the mutual
exchange of spontaneously emitted phonon. The coher-
ent term ηij(= η) represents the phonon-induced cou-
pling between the qubits. Therefore, the density matrix
50 50 100 150 200
0.00
0.02
0.04
0.06
0.08
0.10
0.12
0.14
Evolution Time t(ms)
 2(t)
FIG. 2: (color online) Time evolution of the classical correla-
tions C2(t) at distance d ∼ 6ξ/5 (black curve) and d ∼ 5ξ/2
(red curve).
elements by using Dicke states can be written as
ρee(t) = e
−2γtρee(0)
ρss(t) = e
−(γ+Γ)tρss(0)
+
(γ + Γ)
(γ − Γ)
(
e−(γ+Γ)t − e−2γt
)
ρee(0)
ρaa(t) = e
−(γ−Γ)tρaa(0)
+
(γ − Γ)
(γ + Γ)
(
e−(γ−Γ)t − e−2γt
)
ρee(0)
ρeg(t) = e
−γtρeg(0)
ρsa(t) = e
−(γ−2iη)tρsa(0) (23)
with ρgg = 1 − ρee − ρss − ρaa and ρjk = ρ∗kj . Eq. (23)
depicts that all transition rates to and from the state
ρss are equal to γ + Γ (superradiant) while from state
ρaa (subradiant) are γ − Γ. In case of DSs, the state ρaa
decays with an enhanced (superradiant) rate and ρss with
a reduced (subradiant) rate at sufficiently large distance
(see Fig. 1). Here, the effect of promising function Γ has
analyzed to measure the correlation between two dark-
soliton qubits for different initial states.
A. Superposition of maximally entangled states
As a first example, the system is prepared in the su-
perposition of maximally entangled symmetric and anti-
symmetric state, i.e.,
|ψ〉 = 1√
2
(|s〉+ |a〉) , (24)
from which it decays spontaneously. To determine the
analytic expression of classical correlation, direct compu-
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FIG. 3: (color online) Time evolution of the quantum discord
Q(t) at distance d ∼ 6ξ/5 (black curve) and d ∼ 5ξ/2 (red
curve).
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FIG. 4: (color online) Comparison of quantum discord Q(t)
(solid curve) and concurrence C(t) (dashed curve) at distance
d ∼ 5ξ/2.
tation shows L = diag {L11, L22, L33} with
L11 =
−2sinh (Γt)√
κ− (2eγt − κ−)
,
L22 =
2isin (2ηt)√
κ− (2eγt − κ−)
,
L33 =
κ+
κ− − 2eγt , (25)
where κ± = cosh (Γt)±cos (2ηt). Therefore, the classical
correlations under the linear entropy takes the form
C2 (t) = S2 (ρB) max
[
L211, L
2
22, L
2
33
]
, (26)
where S2 (ρB) = κ−e−2γt
(
2eγt + κ−
)
. Thus, the analyt-
ical expression of the quantum discord is given by
Q (t) = −
∑
i=±
β±log2 (β±) +
4∑
j=1
ζj log2 (ζj)
−
∑
l=±
ξ±log2 (ξ±)− C2 (t) , (27)
6FIG. 5: (color online) Time evolution of quantum discord
Q(t) for non-maximally entangled state at distance d ∼ 5ξ/2.
with
β± =
e−γt
2
κ±,
ξ± =
e−γt
2
(
2eγt − κ∓
)
, (28)
and the eigenvalues ζi of the density matrix ρ are given
by
ζ1 = 0, ζ2 = 1− e−γt cosh (Γt) ,
ζ3,4 =
e−γt
2
(
cosh (Γt)±
√
cos (4ηt) + sinh (Γt)
2
)
.
(29)
Fig. 3 depicts the generation of quantum correlation in
terms of quantum discord by measuring the classical cor-
relations of Fig. 2. It is observed that the quantum
discord appears at ∼ 40ms, where the concurrence starts
to decay and both reached to the same value of correla-
tion at (∼ 150ms) large distance d ∼ 5ξ/2 ∼ 2 − 5µm
(see Fig. 4) for a BEC in the conditions of [48]. It is
pertinent to mention here that a major limitation to the
quantum discord performance could be the DS quantum
diffusion, or quantum evaporation [49], a feature that has
been theoretically predicted but yet not experimentally
validated.
B. Entangled State
In the second case, we choose the system to be in an
entangled state, corresponds to a linear superposition of
both or neither of the excited states, i.e.,
|ψ〉 = √α |e〉+√1− α |g〉 (30)
where 0 ≤ α ≤ 1. Similar to the first case, the classi-
cal correlation and quantum discord can be determined
FIG. 6: (color online) Time evolution of quantum discord
Q(t) for a mixed initial state at distance d ∼ 5ξ/2.
by using Eq. (26) with the linear entropy S2(ρB), the
elements of the matrix L and the eigenvalues ζi of the
density matrix ρAB , described in Appendix-A.
Fig. 5 determines the time evolution of quantum dis-
cord for an initial non-maximally entangled state. The
quantum discord follows asymptotic decay at large dis-
tance d  ξ (Γ = 0). The phenomenon of sudden death
and revival for quantum discord occurs at α ≥ 0.80. By
estimating the death and revival time with the use of few
kHz of chemical potential µ, the dark period (revival-
sudden death) appears to be 10ms which can be averted
or delayed by carrying out some local unitary operators
on DS qubits [50, 51].
C. Mixed State
Here, we describe the evolution of correlation by as-
suming a two-qubit system to be initially prepared in a
diagonal basis of the collective states, i.e.,
ρ (0) =
1
3
 α 0 0 00 2 0 00 0 0 0
0 0 0 1− α
 . (31)
The derivation of the classical correlation elements and
quantum discord can be found in Appendix-B. Fig. 6
shows the time evolution of quantum discord for a mixed
initial state. It can be seen that the sudden death for
quantum discord is possible only for α ≥ 0.2.
V. SUMMARY AND DISCUSSION
To summarize, we have investigated the dynamics
of quantum correlations in terms of quantum discord,
by placing two dark-soliton qubits in a quasi one-
dimensional Bose-Einstein condensates, surrounded by
7a dilute set of impurities. We derive the master equa-
tion and extracted the density matrix elements by using
Dicke bases. The linear entropy approximation (Renyi-
2 entropy) is used to find the analytical expression of
the quantum discord for different initial states. We have
shown the spontaneous generation and decay of quan-
tum correlation at sufficiently large distance ∼ µm. This
is the first study on the quantum discord, involving
phononic degrees of freedom in dark-soliton qubit and
we believe that the suggested approach opens a promis-
ing research avenue in the field of phononic information
processing.
Appendix A: Entangled State Elements
The linear entropy S2(ρB) for an entangled state of Eq.
(30) is given by
S2 (ρB) =
2e−2γt
(γ2 − Γ2)2
[
2α
(
γ2 − Γ2)2 {1− δeγt + 2αδe−γt} − 2α2{δ2 + (γ2 − Γ2)2 e−2γt}] . (A1)
The elements of the matrix L after simplification can be written as,
L11 =
2αγΓZ − α (γ2 + Γ2) sinh (Γt) + (γ2 − Γ2)√α (1− α)√
α ((γ2 − Γ2) (eγt − αe−γt)− αδ) (δ + (γ2 − Γ2) e−γt) ,
L22 =
2αγΓZ − α (γ2 + Γ2) sinh (Γt)− (γ2 − Γ2)√α (1− α)√
α ((γ2 − Γ2) (eγt − αe−γt)− αδ) (δ + (γ2 − Γ2) e−γt) ,
L33 =
(
γ2 − Γ2)2 (1− αe−2γt)− (γ2 − Γ2) 2αδe−2γt − αδ2
((γ2 − Γ2) (eγt − αe−γt)− αδ) (δ + (γ2 − Γ2) e−γt) .
(A2)
In this case, the quantum discord takes the form
Q (t) = −2αe
−γt
(γ2 − Γ2)
(
δ +
(
γ2 − Γ2) e−γt) log2( αe−γt(γ2 − Γ2) (δ + (γ2 − Γ2) e−γt)
)
+
4∑
i=1
ζilog2 (ζi)−
2e−γt
(γ2 − Γ2)
((
γ2 − Γ2) (eγt − αe−γt)− αδ) log2( e−γt(γ2 − Γ2) ((γ2 − Γ2) (eγt − αe−γt)− αδ)
)
− S2 (ρB) max
{
L11
2, L22
2, L33
2
}
, (A3)
where, the eigenvalues ζi of the density matrix ρAB are
ζ1,2 =
e−γt
2 (γ2 − Γ2)
[(
γ2 − Γ2) eγt − 2αδ ±√((γ2 − Γ2) (2αe−γt − eγt) + 2αδ)2 + 4α (1− α) (γ2 − Γ2)2] ,
ζ3 =
(γ + Γ)αe−γt
(γ − Γ)
(
e−Γt − e−γt) , ζ4 = (γ − Γ)αe−γt
(γ + Γ)
(
eΓt − e−γt) . (A4)
8Appendix B: Mixed State Elements
The classical correlation for the initial mixed state is
given by
C2 (t) = 2e
−2γt
9(γ2 − Γ2)2
[
9
(
γ2 − Γ2)2e2γt − ((γ2 − Γ2) (αe−γt + e−Γt)+ αδ)2
−((γ2 − Γ2) (3eγt − αe−γt − e−Γt)− αδ)2
]
max
{
L11
2, L33
2
}
, (B1)
with
L11 = L22 =
2αγΓZ − α (γ2 + Γ2) sinh (Γt) + (γ2 − Γ2) e−Γt√
((γ2 − Γ2) (αe−γt + e−Γt) + αδ) ((γ2 − Γ2) (3eγt − αe−γt − e−Γt)− αδ) ,
L33 =
α
(
γ2 − Γ2)2 (3eγt − αe−γt − 2e−Γt)− 2α2 (γ2 − Γ2) δ − ((γ2 − Γ2) e−Γt + αδ)
((γ2 − Γ2) (αe−γt + e−Γt) + αδ) ((γ2 − Γ2) (3eγt − αe−γt − e−Γt)− αδ) . (B2)
The quantum discord for this state can be written as
Q (t) = − 2e
−γt
3 (γ2 − Γ2)
((
γ2 − Γ2) (αe−γt + e−Γt)+ αδ) log2 [ e−γt3 (γ2 − Γ2) ((γ2 − Γ2) (αe−γt + e−Γt)+ αδ)
]
−
2e−γt
3 (γ2 − Γ2)
((
γ2 − Γ2) (3eγt − αe−γt − e−Γt)− αδ) log2 [ 2e−γt3 (γ2 − Γ2) ((γ2 − Γ2) (3eγt − αe−γt − e−Γt)− αδ)
]
+
4∑
i=1
ζilog2 (ζi)− C2 (t) , (B3)
with the eigenvalues ζi as,
ζ1 =
α
3
e−2γt, ζ2 =
e−γt
3 (γ2 − Γ2)
((
γ2 − Γ2) (3eγt − αe−γt − 2e−Γt)− 2αδ) ,
ζ3 =
e−γt
3 (γ2 − Γ2)
(
2
(
γ2 − Γ2) e−Γt + αδ + 2γαΓZ − α (γ2 + Γ2) sinh (Γt)) ,
ζ4 =
αe−γt
3 (γ2 − Γ2)
(
δ − 2γΓZ + (γ2 + Γ2) sinh (Γt)) .
(B4)
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